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Abstract. An exact solution of the scattering problem in 20 square-comer discontinuities
is presented in an explicit form. This suggests an efficient computational procedure for
characteristics of electron ballistic transport in square-corner shaped waveguides. Using the
proposed method, bound-state energies, mode-to-mode as well as total and averaged transmission
probabilities, in a square-corner right-angle bend have been calculated. Conductance and
clectron-filtering properties of the system are found to be challenging problems for its practical
realization.

1. Introduction

Partly because of the possibility of device applications, and partly due to some novel
phenomena such as existence of bound states in classically unbound systems and modulation
of cuwrrent by quantum interference, wavelike electron transport in two-dimensional (2D)
nanostructures has received considerable aitention in recent years. [1-10]. A number of
promising electron waveguide geometries have been examined by means of the recursive
Green function method [4], mode matching [1,7-9] and specially designed techniques
[2,5,6,10,11]. The scattering problem in these structures is essentially computational,
because the mode mixing in the region of the waveguide discontinuities involves an infinite
number of the degrees of freedom of the electron motion.

In [2,4-6], the treatment of the electron-scattering region is completely computational.
In [1,7-10], the use of an appropriate analytic form for the electron wavefunction in the
scattering region rationalizes essentially numerical calculations. Note that only in [9, 10},

equations for the scattering matrix (in the case of crossed wires) have been presented in

an explicit form. In this paper, the analytical description is advanced to present an explicit
expression for the exact solution of the scattering problem. Equations (18)-(21) represent
this solution and the main result of the work.

Although the derivation of basic equations is performed here for a particular (and
deliberately the simplest) waveguide geometry, the form of the obtained equations for
the § matrix is canonical, i.e. it is valid for an arbitrary square-corner geometry of
discontinuities, including systems with a large number of terminals (the latter case differs
simply in the number of equations of the type (18)). Note, in addition, that ballistic transport
characteristics in a square-comer right-angle waveguide have already been addressed in the
literature [7, 11] but only very briefly.

In section 2 we present an analytic solution for the scattering (reflection and
transmission) amplitudes in a right-angle bend. General properties of the reflection
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and transmission probabilities are discussed in section 3. In section 4, we investigate
the dependence of the bound-state energy in the L-shaped structure on the wire width.
Calculations of the transmission characteristics of the right-angle bend are given in section 5,
and the main results are briefly summarized in section 6.

2. Statement of the problem and basic equations

Let the electron motion inside a quantum waveguide be governed by the time-independent
Schridinger equation H¥ = EW with the Hamiltonian (in the tight-binding representation)

H=-4L) afan+L Y  ahanun (1)
R RASR

and the wavefunction

U= ) Wrahl0) 0]
R={mn)

In (1) and (2), a};., ag are the Fermi creation and annihilation operators of an electron on
the site R with coordinates (m, ), 8 R connects the site B with its nearest neighbours, and
L is the overlap integral of electron wavefunctions in the neighbouring sites., Equations for
the expansion coefficients g can be found by substituting (2) in (1) and multiplying the
result by (O|ag, where |0) is the vacuum wavefunction. Note that, by setting the lattice
site electron energy in the resulting equations to be equal to —4L with L = —k*/2m*a?,
{z is the lattice constant, m* is the effective electronic mass), we make our model, in the
continuum limit, completely equivalent to the effective mass approximation [10].

m
¥ T~
0 0 ¢ 0 0 0 0
N-1 5\
O O P O O O \O
left w| ... in AN
2 \ Flgure 1. Schematic representation of an .-
o' 00 0 0Q \ shaped 20 waveguide. In the lattice, which
o ol ¢ o o comesponds to the discrete model of the bend,
A R the lattice-site coordinates » and n (in units
o o< B of a, the periodicity of the lattice) vary in the
12 N-1 N . .
oo 0 O interval from —o¢ to N. Full lines show the
boundary of the waveguide in the continuum
o 0o Q9 limit (¥ — o0, Na = constant). In this case,
. w = (N + L)a is the waveguide width, The
circular right-angle bend with zero inner radius
doumn of the bend curvature and with the outer radius
equal to w is represented by the dotted curve,

For an L-shaped 2D waveguide, it is convenient to consider the electron wavefunction
of the system in each of the three regions, namely, left, in and down (see figure 1), with the
following numbering of the lattice sites R: 1 < m < N, n £ 0 in the region ‘left’, m €0,
I €7 < N inthe region ‘down’, and 1 {m < N, 1 € n < N in the region ‘in’. In these
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regions the expansion coefficients ¥ obey the following equations:

E+4L
— Yo = Ym-1.n(l —8m1) + \I"m+1.n(l kDR R q"m,n+l

1<m<N, ng0 3
E+4L
""'_L‘_‘pm.n =Wy_tn+ q’m+l.n + W 1 (1 — 5:1.1) + W s (1 —‘3n,N)

m<0, 1<ngN ' 4)
E+4L

Wi = W—tn + Wnt1,0(1 — 8N} + Wi po1l + Ynns1 (1 — 85 8)
I<Sm<N, 1€n<N. (5)

Stationary solutions to the Schrodinger equation, which describe incident and reflected
electron fluxes in the input (left) lead and the transmitted flux in the output (down) lead,
can be taken in the form

2 & . . .
Y = il > [8.5o expGkin) + ry, 4y, exp(—ik;n)] sinCxpm) (9]
=1

5N . .
lilg,n =,/ — Iy kjo exp(—ik;m) sin(x;n) (7
Eap?

where y; = xj /(N + 1} is the quantum number of the transverse electron motion, and £; is
the dimensionless longitudinal wavevector of the jth mode, Note that the coefficients (6)
and (7) satisfy (3) and (4) except those with ! S m < N, n=0andm=0,1 < n g N,
respectively.

The energy of electrons in the waveguide is determined by the mode number jp and the
wavevector k;; of the incident flux: '

E = 2L(cos xj, + coskj, — 2). ®

While jo and £, are fixed in the boundary condition of the scattering problem, all other &;
in (6) and (7) are found from the energy conservation law

cos kj, + COS Xj, = cosk; +cos xj. )

Solutions to (9) can be either real or imaginary, i.e. the expansions (6} and (7) include
propagating and evanescent modes of electronic waves.

In the intersection region of the ‘left’ and ‘down’ leads, the electron wavefunction is
given by

‘ 7 ) . .
Yrn =V N1 D 1Ay, exp(ik;n) + By, exp(—ik;m)} sin(x;m)
j=1

) N
+f T Z[C’kJ exp(ikjm) + Dy, exp(—ik;m)] sin(x;n). (10)

j=1

To express the coefficients of the above expansion through the amplitudes of the reflected
and transmitted waves, we can use (5) for all the boundary sites of the regionin: 1 £ m < N,
n=Nm=N1lgngN1IgmgN,n=;m=11<gngN. This way of
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excluding the unknowns Ay, By, C,, and Dy, is similar to the matching procedure exploited
in the continuous description of the scattering process, but one has to deal with somewhat
simpler equations. A more general treatment of square-cormer discontinuities offers the
Green function technique [10].

Using (10) in (5) for the boundary sites, after some evident aigebra we obtain

. 2 & sinf(N + 1 =mk;
In — ————r—— a3 .
Won = T jzt(é‘,.m + fiy k) SOV T D%, sin(x;m)

2 & sinl(N + 1 —m)¥; .
TYNEI J.;t"”*fﬂ SV + Dy ) (an

The substitution of this expression in (3), 4) for I < m K N, n=0andm=0,1<n N
gives

N
ZiFi by = ~2isink;8) o + 3, Gyt s,
i'=

. (12)
Zith g = GjjTe b,
i=
where the following abbreviations are used:
Thbyy = 8o Fiy kg (13)
sink; expl—i(N + D] 1 sin x; sin xjr
Z; = — = . 14)
sin[{N + 1)4;] N - 1cosk; — cos x;r
Equations (12) are simplified further by introducing the new variables
Xidc:.km =Tl by, @ty (15)
for which
E” Z S
ZiXE ko = Finx ) Gy X ao (16)
=1
or
SEX* = F. (17

In (17), 85 = Z8; F Gjp, X* = col(Xj; g, ---» Xp4,)> and F is the vector column
with the only non-zero element on the joth place, Fj; = —2isin&;8;;,.
The set {16) can be rewritten in a triangular form

j-1

Ftyd: . pE A oyt

ZJ Xk;»}-'j[, - FJ’J’o :L.!'ZIG.U'X‘:;'JJO (18)
where the coefficients are defined by the following recurrent relations:

s e

Ghp=Cx ), o= (19)

j":max[j‘j')-l'l j”
. N (@4:?)2
Zf=2;FG;~ ) —1 (20)
S 2y
. N GEFE
E’i = —2isin kjnsjjo + Z .J}T.i.!_jﬂ (2,1)
i< Ly
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Thus, finding solutions to the S-matrix equations is reduced to a simple recurrent procedure.
In panticular, for low-mode waves, one readily gets

1 -

x *

Xk, = EFI.J‘O
1 /- GE F*

x _ - {pE 17 Ljo

szvfffu - 2;& (F 2.fo+ Zli ) (22)
LF.. GEE:E 1. GER:

x __° | gt o = _° | pt Jo

X"?"kfﬂ -_— Z::;l: [F3|j0+ 2?: +03225|: (F2j0+ Zli ) .

The general form of the solution for an arbitrary mode number is evident but unnecessary
here.

Since the vector-column £* has j, non-zero elements, Iii # 0 for j £ jo, expressions
for the reflection and transmission amplitudes

Fi ok —
{Toin | = doxg, 243 @)
become especially simple for the fundamental-mode (j; = 1) and low-mode propagation.

Thus, (18) suggests, in fact, an explicit form of the exact solution for the discrete model
of the L-shaped waveguide. As shown previously [10], the same relations, but with Z;,
G,y and Fy;, in (18) replaced by Z§ = gq; exp(—ingq))/ sin(rg)), G5 = 2jj'/lx(j% —g})],
and F7, = —2iq;8;;,, where g; = &;(N + 1)/x, can be used, as 2 solution of the scattering
problem for the continuum version of the model, N — oo, aN = constant. In the
latter case (N = oo in (16)), (18)—(21) represent the desired solution in the N-mode
approximation.

The equations obtained above provide an efficient method of calculating the transport
properties and bound-state energies of the right-angle bend and similar structures.

3. General properties of scattering probabilities

A characteristic feature inherent in all computational approaches to electron dynamics in
quantum waveguides is that the general properties of the system are verified a posteriori,
using numerical results obtained. Here, some general properties of the reflection and
transmission probabilities :

[ Rj.ju } - Sl'l']kj { lrkj.kjciz } 24)
?}-jﬂ Sin k]ﬂ ltkj..‘:}o Iz

which characterize the electron motion in a square-corner right-angie bend, are derived
analytically.

The first property, which follows directly from the canonical equations (12), is the flux
conservation law

Na
Y Rip+ T =1 forall jo (25)
j-_,-l

where Ng is the number of modes available for propagation in the channel (i.e. the number
of real positive roots of (9) for the given electron energy). It is worth emphasizing that
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the equality (23) is strictly held even in the case of the N-mode description of the system,
providing that N > N,

Second, in any dynamic system, forward and backward transitions between system states
are not distinguished, and therefore

RJ'J' = Rjuj Tijo = Tfof . (26)

The above equality also follows directly from equations (16) for the § matrix.

Third, in the limit k;, — O, the set of equations (12) becomes homogeneous, so we
have bk, = o, Tk, = —Sjj Thus, all scattering probabilities in this limit are zero except
the reflection probability R ;, = 1.

Finally, it can be shown that the equation #, ;, = 0, which deiermines the energy of
the resonant reflection in the region of the fundamental-mode propagation, is real. Indeed,
since

N
IS = (Z F Gu)iS*IIn + Y £(=1)7[I5%]11;Gyy
j=2

where [|S%||;; is the minor of the matrix S* obtained by eliminating the jth row and j'th
column, it is easy to see from (17) that the equation X ;*, = X[, is also real. Therefore,
one can expect that the resonant refiection (77; = 0) in the fundamental-mode propagation
exists. Moreover, the above statement is relevant to any two-terminal structure with square-
comer discontinnities and the input and output leads of the same width. This means that
the stop-bend behaviour of the device, which obviously has quantum interference origins,
is not specific for the right-angle bend but is a general property of two-terminal square-
comer structures. Systems with a larger number of terminals, e.g. wire intersections, do
not possess this property except the case of a T-shaped waveguide [4]. The latter can act
2s a two-terminal structure due to its symmetry.

4. Bound states

A remarkable peculiarity of waveguides with square-corner discontinuities is the existence
of bound states. The effect, predicted for the first time by Schult and co-workers [1], has
& pure quantum nature, since from the classical point of view electrons in waveguides are
free and, therefore, cannot be trapped.

In [1}, the problem was solved in the framework of the effective mass approximation;
here we find the bound-state energies for both the continuum and discrete models. The
energies of the bound states correspond to the solutions of the following equation; the
determinant of the set (12} equals zero, i.e.

ZtZr=o0 @7

found outside the continuum spectrum of the system. Thus, one has to solve (27) with

k; replaced by ik;. The ground-state energy is then defined by (L < O: positive effective
mass)

Ep = 2[L|(2 — cos ¥ — coth&y) (28)

where &y satisfies (27) under the replacement indicated. There also exists an excited bound
state, the energy of which is symmetric to that of the ground state with respect to the
continuous spectrum of the discrete system. For the continuous model of the right-angle
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bend waveguide, where the electron-energy spectrum is unrestricted, there is only one bound
state below the bottom of the continuous spectrum.

Calcutations of the bound-state energy spacing from the propagation threshold energy
Eg = 2|L|(]1 — cos x) are presented in table 1 {together with the result for the continuum
limit) in units of Ey, and 2{L|. As can be seen, the difference in the ground-state energy
between the discrete and continuum models is already quite small for comparatively narrow
waveguides, N = 10-20. Note also that, in the one-mode approximation, (Eg, — Ef)/E§
= 0.054 (E5, = h%2 /2m*, by = m/w, w = a(N + 1) is the wire width, the superscript
¢ labels the continuum medel, CL). In the two-, three- and four-mode approximations, this
quantity equals to 0.063, 0.065, 0.067, respectively. This exemplifies the convergence of the
computational procedure used. For the ‘wavevector’ of the bound state, Ky/ ki = «/Ep/Es
we obtain 0.9646, which is a more accurate value than 0.96 [1].

Table I. Bound-state energies in the right-angle bend.

N (B — Eo)/Eal x 10 [(Em — Ep)/12L]] x 10
2 0.186 0.102
3 0.344 0.106
4 0.439 0.087
5 0.500 0.069
10 0.622 0.025
15 0.658 0.013
20 0.674 0.0075
CL(N=oc) 069 0
a 0.784 0

5. Computational results and discussion

We now turn to characterizing the scattering properties of a right-angle bend in the
continuum model. The use of (18)(21) considerably simplifies computations of the
scattering probabilities R;; and Tj;, with a large number of modes involved.

To get some idea about the microscopic picture of electron motion, one needs the
mode transmission (reflection) coefficients (or scattering probabilities) which determine
the efficiency of the mode transformation in the scattering region of electrons. The total
transmission coefficient, T}, = 3_; T}, for the fundamental-mode propagation, jo == 1, was
calculated by Weisshaar and co-workers [7]. Those calculations are shown by the dotted
curve in figure 2(a) (all characteristics are given here as functions of g, the longitudinal
wavevector in the first subband, which is scaled with the propagation threshold wavevector
km, qu = kya~'/ k). Full curves in figures 2(@)—(c) represent contributions to the total
Joth mode transmission probability, coming from all other modes which can propagate in
the waveguide at the given energy. We see that the first-mode wave in the input lead
effectively converts into the second- (third-) mode wave in the output lead in the energy
region of the second (third) subband. The right-angle waveguide also possesses a high-mode
transformation capacity of the second-mode wave into the third-mode wave and vice versa
in the second and third subbands, see identical (T3 = T32) curves in figures 2(b) and (c).

Since the injection of individual modes is hardly accessible in a transport experiment,
the measurable quantities are the total average transmission coefficient 7% = Ny ! E}:":, T,
(which determines the conductivity of degenerated electrons in a two-terminal struc-

ture {12,13]) and the distribution of outgoing electrons among all Ny modes available
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Figure 2. Electron transmission probabilities as
functions of g1 = k1/kpa in a square-comer right-
angle bend. Ty, is the probability of the transmission
E of the incident wave in the mode jo into the jth mode
:g wave in the outpwt lead. Ty = Y0 Ty, is the
5 total transmission probability, T* = Ny' T00 | Tj, is
5 the average Tansmission coefficient, and the quantities
£ T = (NoT*)"V L}%, Ty, describe the distribution

of outgoing electrons among Ny (= 1, 2, 3 here) modes
available for propagation. The jth mode propagation
threshold is 1.73, 2.83 and 3.87 for the first-, second-
and third-subband energy intervals, respectively,

Na
jo=1

for propagation, 7™ = Ng' ¥
a filter of electrons.

Figure 2(d) shows that two regions of a high conductance of the right-angle bend are
separated by a well pronounced valley of a low (zero at the point g4, = 1.6) conductance—a
promising property for device applications. In any case, as distinct from the circular right-
angle bend [6], the square-corner right-angle bend should be regarded in a quantum device
technology as a device itself rather than a passive interconnection of different parts of a
nanocircuit.

As seen from figure 2(e), the fundamental-mode population is considerably suppressed
in the transmitted flux when the electron energy increases. At the same time, the second
and third modes are nearly equally populated except the region close to the fourth-mode
opening. Thus, the electron filtering can be efficient within the second-subband energy
interval,

Let us consider briefly the dependence of the through-right-angle-bend transmission
on the shape of the discontinuity region ‘in’. As was mentioned above, the two-terminal
structures are expected to possess the resonant reflection of the first-mode wave, which,

T/ T, The latter quantity characterizes the system as
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in the case of the discussed structure, is realized at gy = 1.6, i.e. the energy of the
resonant reflection of electrons E.; =~ 3.6 x Ej. The effect is a sequence of the
interference of electron waves in the discontinuity region and, therefore, depends on its
shape, Modifications of this shape can lead to considerable changes of the resonant reflection
energy as well as of the form of the waveguide transmission spectrum. Some examples
of this dependence are presented in figure 3, where the fundamental-mode transmission
spectrum of modified right-angle bends (figures 3(b)}—(d} are compared with its original form
(figure 3(a)). An extension of the area ‘in’ by an additional stub may result (depending on
the stub length) in a shift, broadening and enlarging the number of resonances. Analogous
changes of the transmission spectrum can be caused by supplementing the structure with
two additional stubs, which extend both input and output leads.

transmission
transmission

{a)

O O T I

Ly r ]

9,

transmission
transmission

L1 (B

Lot aa s —/Ar\mlllttu (d)
1 1

ql q[

Figure 3. The transmission probability in a square-comner right-angle bend (g) and its
modifications (#)~{d). The length of the additional stub shown in the inserts of (b), (¢} and ()
is 0.2w, 0.5w and w, respectively,

It is also of importance for our understanding of a possible role of waveguides connecting
different parts of a circuit, to compare the present results with those for a circular right-
angle bend [6]. If we change the bend shape in the way shown by dotted curve in figure 1,
we obtain the structure with zero inner radius of the bend curvature and with the outer
radius equal to the waveguide width. There are several noticeable distinctions in properties
of such a circular right-angle bend. The most striking of them is the monotonic increase
of the transmission within the first subband which leads to a nearly perfect fundamental-
mode transmission through the circular right angle except for energies very close to the
propagation threshold in the channel [6]. Thus, the precise geometry of the bend is crucial
for determining its transport properties.
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As has been just demonstrated, the transport (or device) characteristics of a right-angle
waveguide are prospective and appealing to be realized. But we see a serious waming about
difficulties in this method in the drastic dependence on the bend shaping which has been
pointed out above. It is likely that properties of other square-corner discontinuities are not
less sensitive to the comer smoothing,

6. Conclasion

An explicit form of equations, which gives a complete description of the ballistic electron
transport in a square-comer right-angle waveguide, has been derived. On this basis, general
transport properties of the system have been proved. To our knowledge, this has never
been done analytically. The S-matrix equations (presented in the canonical form which is
general for square-comer discontinuities) have been reduced to the triangular form with the
coefficients defined by simple recurrent refations. In fact, this gives the explicit (exact)
solution of the scattering problem for the discrete model of the waveguide with (arbitrary)
N-site width and the solution for the standard continuum medel of the waveguide in the
N-mode approximation. The solution obtained simplifies considerably computations for
the square-corner right-angle bend and relevant structures, Quantities of physical interest,
the ground-state erergy and the reflection and transmission probabilities up to the fourth-
mode opening, have been calculated in the framework of the original method, A non-trivial
dependence of the degenerate electron-gas conductance on the Fermi energy and the electron
filtering in right-angle waveguides are predicted.
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