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The distributionfunctionandsurvivalprobability ofa pair ofannihilatingquasiparticlesdiffusingin asegmentwith absorbing
orreflectingendsareobtained.Theaveragedsurvivalprobabilityofa pairon achainwith chaoticallydistributeddefectssuchas
trapsorbarriersis calculated.

1. Introduction

Modelsof randomwalks in onedimension(1 D) attractlastingattentionof researchersin many fields be-
causeof theavailability of exactresultsrelatedto realprocesses.Forexample,in recentyearsmucheffort has
beenfocusedon the interpretationof chargeandexcitationenergytransportphenomenain quasi-one-dimen-
sional (Q 1 D) systemsin termsof randomwalks [1,2]. But mostof the known randomwalk modelsarees-
sentiallyone-particleones (seethe reviews [2,3] andthe referencestherein).Thus,they cannotbe used(at
leastdirectly) in studyingthe effectscausedby the interparticleinteraction.Thelatter manifestsitself at high
particleconcentrations.In the caseof excitonscreatedat sufficientlyhigh levels of pumpingthe interparticle
interactionoften leadsto an excitonannihilationwhich mayaffect considerablythe exciton luminescenceki-
netics.The corrçspondingobservablesare the luminescencequantumyield, thetime-resolvedluminescence
intensity,the delayedluminescenceintensity,etc. Experimentalmeasurementsofthesequantitiesin Q 1 D mo-
lecular structures[4,5] stimulatetheoreticalstudiesof the dynamicsof an annihilatingpair of particlesex-
ecuting 1 D randOmwalks.

Keepingthis in mindwe presentsomeexactresultsconcerningthe problemof 1 D randomwalks of a pair
of particleswhich canannihilatewhentheycomeinto contact.In section2 thedistribution functionandthe
survival probabihtyfor an annihilatingpair of particlesthatexecuterandomwalks in a chainwith absorbing
or reflectingboundariesare determined.In section 3 theseresultsare usedto calculatethe averagesurvival
probability of an annihilatingpair in a chainwith chaoticallydistributeddefectsthat operateasbarriersor
traps.

2. Survival probabilityof an annihilatingpair in a chainwith absorbingor reflecting ends

Whenconsideringchargeorexcitationenergytransferprocessesin realQl D systemsit is ofteninstrumental
to regardthem asa markovianprocessof randomwalk motion of particlesin an infinite chainwith chaotic
defectdistribution.Thetypical elementof sucha chainis a segmentofregularsiteswith absorbingorreflecting
endswhich model trapping-likeor scattering-likedefectsin the chain.Assumingthe motion of particlesin a
segmentto be realizedby jumpsbetweenthe nearest-neighboursites andsupposingthat particlesannihilate
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immediatelywheneverthey occuron the samesite, onecanwrite themasterequationfor the pairdistribution
function in the form

ap~(z,j,t) = —4p~(i,j, t) +p~(i+l,j, 1) +p~(i—l,j, t) +p~(/,j+1, t) +p~(i,j—1, t), i+j�n,

p~(i,j,t)=O, i+j=n, (1)

wherep~( i, j, t) definesthe conventionalprobability to find particleson sitesi andj (seefig. 1) at time
(expressedhereafterin unitsof W~’,Wis thejump probabilitypersecond),p,~(O,j,t)=p~(i,n+ 1, t)=O for
a segmentwith absorbingends,andthe boundaryconditionsp~(O,j,t)=p~(l,j,t),p~(i,n, t)=p~(i,n+l, 1)
model the reflectionof particlesfrom the segmentends.

For mostof the practicalpurposesit is sufficient to solve,insteadof (1), the diffusion equation

öp~(x,y,t)— ô2p~(x,y,t)+ a2p~(x,y,t) (2)
at — 8x2 ay2

in the regionof continuousvariablesx, y,

0~<x+y~n, (2a)

with the boundaryconditions

p~(x,y,t)I~+~~=0 (3)

(which determinesthe conditionof instantaneousannihilationof particlesthathaveoccupiedthe samesite),
andthe conditions

(4)

for absorbingand

öp~(x,y,1) — ô~~(x,y, t) —o (5)
x=O ôy v=O

for reflectingends.The distribution functionp,, (x, y, t) is equivalentto p,, ( i, j, n) for n, t>> 1.

We find the solution of the problem (2)—(5) choosingthe randominitial distribution

p~(x,y,t=0)=l, 0<x+y<n. (6)

It is convenientto extendit in the following way,

p~(x,y,t=O)=—l, x~<n,y~<n, x+y>n, (7)

andto find p~(x, y, t) in the square0 s~x, y ~n usingtogetherwith (3)—(5) the boundaryconditions

p,, (x, y, t) L=,, =p~(x,y, t) ~,. =0 (8)

and

ap~(x,y,t) ôp~(x,y,t) 0 (9)

ax ay

• I Fig. 1. The discretecoordinatesi, j (andcontinuousonesx, y)

o o o o o o o o o o~oo o which define thedisplacementof an annihilation particlein a
0 1 2 3 ... ... 11~-1Ii 1l~1 chain.
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for the casesof absorbingandreflecting segmentends,respectively(seefig. 2). Thesolution of eq. (2) with
theseinitial andboundaryconditionsis equivalentto thedesiredsolutionofthe problem(2)—(6) in theregion
0~<x+y~<n.

Usingthe Greenfunctionsof eq. (2) underthe boundaryconditions(4), (8) [6],

G~(x,y,x’,y’,t)

~ . .

= ~ exp[—(7t2/n2)(m2+12)t] sin(~tmx/n) sin(itly/n) sin(itmx’/n) sin(xly’/n) , (10)
fl pn=ii=i

and (5), (9),

G~(x,y, x’,y’, t)= _~(l+2 ~ exp(—it2rn2t/n2) cos(xrnx/n) cos(7~rnx’/n))

x(l+2~exp(_it212t/n2)cos(7tly/n)cos(7tiy~/n)), (11)

onecanwrite

p~(b)(xyt) Jdx’ Jdy’ G(x,y,x’,y’,t)p~(x’,y’,t=0)

= J ~ S dy’ ~ (x, y, x’, y’, t) — 5 ~‘ 5 dy’ ~ (x, y, x’, y’, t), (12)

ir — (~~2 ~ exp[—(7t2/n2)(rn2+12)t]mp~(x,y,~ ,n~i/~i ,~2_l2

x[l_(_l)hJ[l+(_l)m] [sin(it~x/n)sin(it1y/n)+ sin(itlx/n)sin(Erny/n)] , (13)

and

2 2 ex ( 2m2t/ 2)
p~(x,y,t)=(_) ~ 2 ~ [l_(_l)m] [cos(xmy/n)+cos(xmx/n)]

ni m

+ 8 exp[—(7t2/n2)(m2+12)t] [(_l)m_(_l)11 cos(itly/n) cos(itmx/n), (14)
It ~ —m

for the casesof absorbing,eq. (13) (index “tr” denotestraps),andreflecting,eq. (14) (index “b” denotes
barriers),segmentends.

Calculatingthe survival probability of an annihilatingpair,

I~x
Fig. 2. The extensionof theinitial conditionp~(x,y, t=O)=I
givenin theregionO<x+y<n to theregionx< n, y< n, x+y> n
in anadditiveway (shadedtriangle).
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~5 ~Jdyp~(x,y, t), (15)

with the help of (13), (14) one gets

Qt~t~—8 ~ exp{—(it2/n2)[(2m)2+(21—l)2]t} (2~2 16
‘ ~ ,~ ~ [(2m)2_(21_1)2]2 ~21—l) (

=~(~)4exp(_5E2t/n2), t/n2>>l, (l6a)

and

Qb(t) ~(2~( exp[ — (it2/n2) (21—1 )2t] +2 exp{— (it2/n2) [(2m)2+ (21—1 )2]t}~ 17
— ~ ~i~i (21_l)2 ~ m~i [(2m)2_(21_l)2]2 )

=4(~)exp(_m2t/n2), t/n2>>l, (l7a)

where(16a)and(1 7a)areobtainedwith thedominanttermin (16)and(17) at m= 1, 1= 1, being preserved,
which is justifiedat I/n2>> 1. At small times,calcu1atingQ~(t)at t/n2<< 1, we usein (13), (14) the Poisson
formula (seeref. [6], ch. X)

~cos[7tm(x±x~)/n]exp(_1t2m2t/n2)=_~= ~ exp[—(x±x’+2nj)2/4t]—~
“7 v itt ~= —~

Thisenablesus to passfrom a sumsuchas >mexp(—mt/n2) to a sum such as >~~exp(—j2n2/t),obtaining

G~°~(x,y,x’, y’, t)= ~ {exp[—(x—x’+2nj)2/4t](+) exp[—(x+x’+2nj)2/4t]}

x ~ {exp[—(y—y’+2nj)2/4t](±) exp[—(y+y’+2nj)2/4t]}. (18)

Usingthe definition of Q~’~(t) (15), we have from (12), (19)

-~<<l, (l9a)

Q~(t)=l—~~~,-~<<1. (19b)
~fxnn

It is informative to compare the results obtained with similar limits for the survival probability,p ~ (t), of
a singleparticlethat diffusesin a chainwith absorbingboundariesfor which [7]

~ exp[—(x2/n2)(2i+1)2tJ (20)
~ Tht~,&

0 (2i+l)
2

— — ~ ~‘

=~exp(_x2t/n2), -~>>l. (20b)

At largetimestheexponentialdecayconstantsinQ~( t) andp ~i) (t) areseento bethesame,whereasthevalue
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for Q~(t)hasturnedout to be 5 timesas great.At small timesthe decayratesof Q~(t) andp~~(t) are dif-
ferent,the formal differenceof (20b) from (22) being a doublingof the diffusion coefficient(i.e. replacing

with t/2 for the caseof a particlepair is regardedas an ordinaryprocedure,becausethe annihilationrate,
unlike the trapping rate, is associated with the diffusion coefficient of a relative motion of a pair (but not of
a singleparticle)).At largetimes,however,the abovedifferencebetweenQ~( t) andp~(I) vanishes,whereas
in an infinite chainwehavea relationsuchasp~(t) =Q~( t/2). Comparing(20) with (22) showsthat at
small timesthe rateat which a pairvanishes,R~(t)~—dQ~(t)/dt,is equalto the sumof the ratesat which
each of the particles is trapped, R~(t)~—dp~)(t)/dt=2/n~J~iand their annihilation rate R~(t)=
—dQ~(t)/dt=2V/~/n\/~,i.e. the particledisappearancethroughthe trappingandannihilationchannelsis
independent.At largetimes,however,the processesof particledisappearancecausedby trappingandanni-
hilationcannotbe regardedasuncorrelated.

3. Averagesurvival probabilityof an annihilating pair in a defectedchain

We now usethe result of the previoussectionto calculatethe averageannihilatingpair survivalprobability
in a chainwith chaoticdistribution of defectsthatplay the roleof trapsor reflectingbarriers,that is

Qd(t) = ~ 5 dn n2 exp(—Cdn)Q~(t), (21)

whereCd is the defectconcentration.Substituting(16), (17) into (21), onegets

Qir(t) ~ (.~)~i5 dn fl2 ,n~i ~ exp{ — (m2/n2)[(2rn)2+(21—1)2]t—Cirfl} (~i)2 (22)

1_ ~~~Ctrft, Xtr0It2~rt<<l , (22a)

= ~ (~)~~ ~r’~ exp(_~/3), ;r>~ 1, (22b)

for a chainwith traps (d= tr) and

Qb(I)2 (~.)j’dn ~2(~exp[—It2(21—1)2t/n2—cbn]

+2 exp{— (it2/n2) [(2m)2+ (21—1)21t—Cbn} 23
/~i n~i [(2m)2_(21_l)2]2 (

Tb~2x2C~t<<l, (23a)

=2(~)~ t5/6 exp(—~r
1V

3), ti,>> 1 (23b)

for a chainwith barriers(d= b).
The averagesurvivalprobability of a singleparticlediffusing in a chainwith trapsis [7—12]
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p?Jj=~Jdx~~exp(_1t2C~rI/x2) (24)

1— Ctr\/~, it
2c~t<< 1 , (24a)

=l6~/c~t/3Itexp[_3(ix2c~t)~3],1t2C~t>>l . (24b)

It is seen that the slowing-down in the decay of the averaged survival probability of an annihilating pair at
long timesdue to defectdensityfluctuations (i.e. causedby largedefect-freechainsegmentswhoselength is
much largerthanthe averageddistancebetweenthe defectsin the chain,c~,enablingan annihilatingpair to
live much longer) is similar to the effect predictedfor p( t) in ref. [7]. The differencebetweenthe pre-
exponentialfactorsin the asymptotics(22b), (23b) and(24b) is due to the differencebetweenweight factors
usedfor averagingthe clustervaluesof survival probabilitiesof a singleparticleanda pair of particles.This
canmanifestitself in experimentallyobserved_quantitiesat not too longtimes.Yet the mostappreciabledif-
ferencebetweenthe dependence~ andQt~(I) stemsfrom the five-fold differencein the characteristictime
scalesof the averagesurvivalprobabilitiesfor a particlein a chainwith trapsandfor a pair of annihilating
particlesin the samechain.

Theabovedifferencesbetweenp(t) andQtT (t) may be experimentallyverified, for example,from studies
of triplet excitonphosphorescencekinetics anddelayedfluorescence(DF) kinetics in the samesampleof a
Q 1 D crystalwith a highconcentrationofdefects.Indeed,whenthe dynamicsof excitonsinsucha crystalwith
impuritiesplaying the role of trappingor scatteringcentersis modeled,this crystalcanbe regardedasan in-
finite chainwith chaoticallydistributeddefects— trapsor barriers.If the triplet exciton concentrationCT 15
much lower than the defect (say trap) concentration,mostof the trap-freechainsegmentscontainno more
thanoneexciton,so that the exciton—excitoninteractionwould not affect significantly the excitonphospho-
rescenceintensityundertheseconditions.In the caseof fast trappingthe phosphorescencedecaykinetics (ex-
perimentallystudiedin refs. [13—15]for someQ 1 D crystalswith traps)is describedby thefunction (24). If
theDF canalsobeobservedin thesamecrystal,thetimedependenceof its intensitywith Ctr>> CT is determined
by the contributionfrom hostmoleculesegmentsthat containtwo excitonsinitially andthusby the average
valueof the annihilatingpairsurvival probability,Qd(I). A detailedanalysisof DF timedependenceis given
inrefs. [16,17].
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